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I The covariant phase space of a Lagrangian field theory is the solution space 

of the associated Euler-Lagrange equations. It is, in principle, a nice environment 
for covariant quantization of a Lagrangian field theory. Indeed, it is manifestly 
covariant and possesses a canonical (functional) "presymplectic structure" u (as 
J> ' first noticed by Zuckerman in 1986) whose degeneracy (functional) distribution 

. is naturally interpreted as the Lie algebra of gauge transformations. We propose 

a fully rigorous approach to the covariant phase space in the framework of jet 
spaces and (A. M. Vinogradov's) secondary calculus. In particular, we describe 
Q> ■ the degeneracy distribution of cj. As a byproduct we rederive the existence of a 

, Lie bracket among gauge invariant functions on the covariant phase space. 
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Introduction 



Covariant phase space (CPS) is the solution space of a system of Euler-Lagrange partial 
differential equation^ (PDEs). It has been first noticed by Zuckerman in the 1986 [50] 
(see also [TT| IT^ ) that there is a canonical, closed 2-form uj on such a functional space 
generalizes the symplectic form on the phase space of a regular Lagrangian system 
in mechanics. Moreover, the degeneracy distribution of uj is naturally interpreted as 
Lie algebra of gauge transformations [25]. Therefore, the CPS is, in principle, a nice 
environment to perform a covariant (canonical) quantization of a Lagrangian theory. 
Namely, gauge invariant functions on the CPS possess a well defined Lie bracket induced 
by u;, which has been proved in [8j to coincide with the so-called Peierls bracket [29j. 
In turn, Peierls bracket is at the basis of the global approach to quantum field theory 

m 

Despite its conceptual relevance, the CPS is, in general, a complicated functional 
space, which is difficult to handle with analytic methods. Indeed, most of the literature 
about it (see [30j and references therein) comes from the physicists community and it 
is rarely completely rigorous from a mathematical point of view. For instance, it seems 
to be very hard to rigorously perform, in full generality, a symplectic reduction of the 
CPS to get rid of gauge (non-physical) degrees of freedom. 

On the other hand, A. M. Vinogradov developed a whole theory, the so-called sec- 
ondary calculus (see [57] and references therein, and [38] for a short introduction), 
which properly formalizes in cohomological terms the idea of a (local) functional differ- 
ential calculus on the space of solutions of a generic system of PDEs (for this reason, 
roughly speaking, the word "secondary" in this paper could be considered as a synonym 
of "functional"). Thus, secondary calculus appears to be a suitable setting to rigorously 
investigate the CPS and its properties. The aim of the paper is to describe rigorously 
the CPS, its canonical 2-form and some their properties within secondary calculus. As 
a byproduct it will become transparent the analogy between the CPS and the phase 
space of constrained mechanical systems. 

The paper is divided into two parts. In order to make it as self-consistent as possible 
we review, in the first part, those aspects of secondary calculus that are needed for a 
suitable formalization of the CPS. In Sections II. ![ 11.21 and 11.31 we briefly describe the 
geometry and the main properties of jet spaces and differential equations, and relevant 
structures on them. In Section 11.41 we define secondary vector fields and differential 
forms, and summarize the main formulas of first order secondary calculus. In Sections 
11.51 and 11.61 we review the main technical aspects of secondary calculus and how to 
handle the relevant cohomologies. 

The second part of the paper is devoted to the CPS and to original results on the 

^Notice that sometimes the name covariant phase space is referred to the quotient of the above 
mentioned solution space with respect to gauge transformations. 
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List of Main Symbols 



J°°n space of oo-jets of local sections of the bundle tt : E — )■ M 

diff (tt, t) module of differential operators from tt to r 

S"^ PDE determined by the differential operator $ 

S oo prolongation of a PDE 

^ Cartan distribution 

'ioT){S') module of horizontal vector fields on S' 

<^A((r) Cartan ideal of S 

^PA(<f ) pth exterior power of ^A(<f ) 

^•A(f?) algebra generated by '^K^{<g) 

'loE{S') "^-spectral sequence of S 

K[S') algebra of horizontal forms on S 

d horizontal de Rham differential 

H{^) horizontal de Rham cohomology of 

vertical de Rham differential 

VD{S') module of vertical vector fields on ^ 

Lie algebra of symmetries of ^) 

Sym(<f ) Lie algebra of non-trivial symmetries of ((f , ^) 

VD<^{S') Lie algebra of vertical symmetries of {S', ^) 

X module of generating sections of higher symmetries of tt 

universal linearization of the differential operator $ 

C'^{M)' space of secondary functions on the secondary manifold M 

D(ikr)* space of secondary vector fields on M 

A{M)' space of secondary differential forms on M 

d secondary de Rham differential 

S horizontal Spencer differential 

^Diff (P, Q) module of horizontal differential operators P — > Q 

joop module of oo horizontal jets of elements of P 

joo oo horizontal jet prolongation P — > J°°P 

homomorphism J°°P — > J^Q associated to □ e <^Difr(P, Q) 

T]^ natural monomorphism V'D{S') — )■ J°°x|^ 

r]l natural epimorphism ^Difr(x|^, A(f?)) — )■ '^K^{S) ® A((f) 

/ natural projection A" ((f) — > 

E[^) left hand side of the Euler-Lagrange equations 

P covariant phase space 

(jj canonical, closed, secondary 2-form on P 

Ai compatibility operator for (!-e{^) 

Q, linear map D(iVf)* — )■ A}[My associated to u) 
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subject. In Section [2.11 we introduce the CPS for a general Lagrangian field theory 
(any number of variable and any order) and rederive the existence of a canonical 2- 
form uj on it completing the proof by Zuckerman [lOj. In Section 12.21 we propose a 
"symplectic version" of the first Noether theorem, which makes it evident the analogy 
with Hamiltonian mechanics. In Section 12.31 we describe the degeneracy distribution 
of U3 and propose, and motivate, a new (and very natural) definition of (infinitesimal) 
gauge symmetries in field theory. In Section 12.41 we describe gauge invariant secondary 
functions on the CPS and show that they are endowed with a canonical Lie bracket 
(such bracket formalizes rigorously the Peierls bracket [29]). In Section [231 we outline 
a possible path through a "secondary symplectic reduction" of the CPS. Applications 
to concrete Lagrangian theories will be presented somewhere else. 

Most of the (almost) trivial computations will be performed in some details to em- 
phasize similarities between secondary calculus and standard calculus on manifolds. 



Notations and Conventions 

In this section we collect notations and conventions about some general constructions 
in differential geometry that will be used in the following. 

Let be a smooth manifold. We denote by C°°{N) the M-algebra of smooth, M- 
valued functions on A^. We will always understand a vector field X on A^ as a derivation 
X : C°°(A^) — > C°°{N). The value of X at the point x e M will be denoted by X^. 
We denote by D(A^) the C°° {N)-modn\e of vector fields over A^, by A(M) = 0^ A^(A^) 
the graded M-algebra of differential forms over A^ and by d : A(A^) — > ^(^) the 
de Rham differential. If F : A^^i — > A^ is a smooth map of manifolds, we denote by 
F* -.AiN) — > A{Ni) its pull-back. 

Let a : W — > N he a vector bundle and F : Ni — > N a smooth map of manifolds. 
The C°°(A^)-module of smooth sections of a will be denoted by r(a). For s G T{a) 
and X G A^ we put, sometimes, Sx '■= s{x). The zero section of a will be denoted by 
o : N 3 X I — y Ox '■= E a~^{x) C W. The vector bundle on A^^i induced by a via F 
will be denote by F°{a) : F°{W) — > N: 



F°{W) 



F°{a) 



For any section s G T{a) there exists a unique section, which we denote by F°{s) G 
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r{F°{a)), such that the diagram 



F°{W) 



commutes. If : L ^ N is the embedding of a submanifold then we put aji := i^ict), 
r{a)\L '■= T{a\L) and for s G T{a), s\l '■= iii^)- s\l will be referred to as the restriction 
to L of s. 

Let F : Ni — > N be as above. A vector field along F is an R-linear map X : 

C°°{N) — > C°^(iVi) such that the following Leibnitz rule holds: X{fg) = F*{f)X{g) + 
F*{g)X{f), f,gE C°°(A^). Vector fields along F identify with sections of the induced 
bundle F°(rjv) : F°{TN) — > Ni,tn -.TN — > N being the tangent bundle to N. 

Let C '■ A — > N he a fiber bundle. We denote by vC : VC — > A the vertical (with 
respect to () tangent bundle to A and by KC '■— (^C)~^(q) its fiber over a e A. Notice 
that VC C TA, the tangent manifold to A. If d : Ai — y Ni is another fiber bundle, 
F : Ai — > A a morphism of fiber bundles and TF : TAi — > TA the associated 
tangent map, then {TF){V(i) C V( and, therefore, it is well defined the restriction 
VF : VCi — > VC of TF to l^Ci and VC, and the diagram 



A 



-^A 



commutes. 
Let 



i+i 



be a complex. Put K := 0; Ki and 6 := 0^ 6i. We denote by H{K, 6) := 0^ H^{K, 5), 
the cohomology space of {K, 5), H\K, 6) :— ker Si/ im5;_i. If a; e ker S, then we denote 
by [u] its cohomology class. 

Denote by N the set of natural numbers and put Nq := N U {0}. We will always 
understand the sum over repeated upper-lower (multi-) indexes. Our notations about 
multi- indexes are the following. Let n G N, = {!,..., n} and M„ be the free 
abelian monoid generated by I„. Even if M„ is abelian we keep for it the multiplicative 
notation. Thus if I = ii ■ ■ ■ ii, J = ji ■ ■ ■ jm G M„ are (equivalence classes of) words, 
ii, . . . . . . Jrn e In, wc dcuotc by IJ = ii - ■ -iiji - ■ -jm their composition. If 



■ii G 



is a word, ii, . . . ,ii G I„, denote by |/| := / its length. We denote by 
the (equivalence class of the) empty word. An element / G M„ is called an n-multi- 
index (or, simply, a multi-index) and |/| the length of the multi-index. For k < oo 
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let M„^fc C be the subset made of mult i- indexes of length < k. If 
are local coordinates on a manifold N, n = dim A^, and / = ii - ■ - ik G M„, we put 
^ := Q^ii ..Q^ik ■ stress that this notation is different from more popular ones (see, 
for instance, |3]). 



1 Secondary Calculus 
1.1 Jet Spaces and PDEs 

Let TT : E — y M be a fiber bundle, dimM = n, dimii^ = m + n. For I < k < oo, 
we denote by tt^ : J^n — y M the bundle of fc-jets of local sections of tt, and by 
'^k,i '■ J'^TT — ^ J'"^ the canonical projection. For any local section p : U — y E of tt, 
U G M being an open subset, we denote by j^p : U — y J^tc its kth jet prolongation 
and by Fp := imj^p its graph. For x G f/, put [p]^ := {jkP){x). Any system of adapted 
to TT coordinates (. . . , x*, . . . , m", . . .) on an open subset U of E gives rise to a system 
of jet coordinates (. . . , x\ . . . , uf, . . .) on Tc^liU) C J^tt, i = 1, . . . , n, a = 1, . . . , m, 
/ G M„ k, where we put Uq := m", a = 1, . . . ,m. If a local section p of vr is locally given 

by 

=p"(. ..,a;\...), a = l,...,m, (1) 

then jkP is locally given by 

< = --^S---), « = l,...,m, /GM„,,. 

Recall that J°°7r is, by definition, an inverse limit of the tower of projections 

M^^^E< < J^7i< J^+iyr^ • (2) 

Now, let k < oo. To : Tq — y J^tt be a vector bundle, dimTg = dim J'^vr + p, and 
(. . . , X*, . . . , uj, . . . , w", . . .) adapted to tq, local coordinates on Tq. A (possibly non- 
linear) differential operator of order < k 'acting on local sections of vr, with values in 
To' (in short 'from vr to tq') is a section $ : J^vr — y Tq of Tq. For any local section 
p : U — y E of IT, ^ determines an 'image' section A$p := $ o j^p : U — y Tq of the 
bundle t^q := TCk o Tq : Tq — y M. If $ is locally given by 

t;'^ = $-(..., x\...,M?,...), a = l,...,p, (3) 

and p is locally given by ([T]), then A$p is locally given by 

^'^ = $'^(...,x\...,(0/)(...,x^. ..),...) ' 
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a = 1, . . . , m, / G M„_fcj a = 1, . . . ,p. This motivates the name 'differential operator' 
for $. Denote by diffA;(7r, tq) the set of all differential operators of order < k from tt to 

To- 

For $ G diffA;(7r, Tq) and / < oo we define the Zth prolongation of $ as follows. 
Consider the space J'tq of Z-jets of local sections of Tq, and local jet coordinates 
{. . . ,x\ . . . ,uf J, . . . ,Vj, . . .) on J'to, J G M„^i. In JVq consider the submanifold T^^ 
made of jets of local sections of the form Aij^p, where G difffc(7r, tq) and p is a local 
section of vr. T^^ is locally defined by 

u" J = Up J,, whenever/, /' G M„^fc, J, J' G M„_; are such that IJ = I' J', 

a = 1, . . . ,m. Thus {. . . , x\ . . . , uf, . . . , f }, . . .), / G M„_fc+i, J G M„^i, are local coor- 
dinates on Tq'''. Tq''' projects canonically onto J^+'vr and the projection Tq^ : Tq''' — > 
jk+ij^ is a vector bundle. Moreover, coordinates {. . . , x\ . . . , uf, . . . , Vj, . . .) on Tq''' are 
adapted to Tq\ Finally, define the Ith prolongation : j'^+'vr — > Tq'^ of $ by 
putting $'•'•' ([p]^^') := [A$p]^ G Tq'\ for all local sections p of tt and x G M. Then 
Gdifrfc+,(7r,ro(')). 

For $ G difffc(7r,ro) put := {6 G J'^tt | <I>(^) = 0}. A- is called the (system of) 
PDE(s) determined by $. For I < oo put also <f^'^ := (^i''' is locally determined 

by equations 

.., x\ ...,<,...) = 0, a = 1, . . . , J G M„,,, (4) 

where Dj^ - ji '■= Dj^ o ■ ■ ■ o D^-^ and Dj := d/dx^ + ufjd/duf is the jt/i toia/ derivative, 
. . . , ji = 1, . . . ,m. In the following we put 9^ := d/duf and (9q, := d/du"', a = 
l,...,m, / G M„. 

A local section p of tt is a (local) solution of iff, by definition, C or, which 

is the same, F^"*"' C (^'^'^ for some I < oo. Notice that (3'^°°'' C J°°tt is an inverse limit of 
the tower of maps 

M ^ ^^i^ 4') ^^i^ 4'+^) ^ (5) 

and consists of "formal solutions" of (3$, i.e., possibly non-converging Taylor series ful- 
filling (jl]) for every /. The PDE S'<p is called formally integrable iff 4'^ <^ J^^^tt is 
a (closed) submanifold for any Z < 00 and ([5]) is a sequence of fiber bundles. Let us 
stress that, basically, all relevant PDEs in Mathematical Physics are formally integrable 
and, therefore, in the following, we will only consider differential operators determining 
formally integrable PDEs. 
J~7r and 4°°^ 

are not finite dimensional smooth manifolds, in general. However, 
they are pro-finite dimensional smooth manifolds. We do not give here a complete def- 
inition of a pro-finite dimensional smooth manifold, which would take too much space. 
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Rather, we will just outline it. Basically, a pro-finite dimensional smooth manifold is 
a(n equivalence class of) set(s) G together with a sequence of smooth fiber bundles 

^0 ^1 < ^ < < (6) 

and maps /ioo.fc : ^ — > ^k, < k < oo, such that <^ (together with the /ioo.yt's) is an 
inverse limit of ([6]). It is associated to the sequence ([6]) a filtration of algebras 

C°°(^o)^^ >C'^{Gk-i)^^^^C'^{Gk)^^^--- ■ (7) 

We understand the monomorphisms fi*^-^ ^'s and interpret ([7j) as a sequence of subalge- 
bras. Similarly, we understand the /Xqo,; 's and interpret elements in C°°{Gk) as functions 
on G. Put C°°(^) := U;g]^^ C°°{ffk)- C°°{ff) is interpreted as algebra of smooth func- 
tions on G . Differential calculus over G may then be introduced as filtered differential 
calculus over C°^{G') [37j. Since the main constructions (smooth maps, vector fields, 
differential forms, linear jets and differential operators, etc.) of such calculus do not 
look very different from the analogous ones in finite-dimensional differential geometry 
we will not insist on this and refer to ^37J for the rigorous definitions and the main 
results (see [21] and El] for a sketch of alternative approaches). 

Here we just recall the definition of finite dimensional vector bundle over G. This is, 
basically, a vector bundle over ff^ for some k < oo, pull-backed to G via fioo.k- In more 
details, let tq : Tq — y ffk be a (finite dimensional) vector bundle, k < oo. For / > 
let Ti := Aifc+z,fc(ro) : Ti := fil^i^ki^o) — > G^+i be the induced (by Tq via ^lk+l,k) vector 
bundle and t'i+i,^ : T^+i — > Ti the canonical projection. Denote by T the pro-finite 
dimensional smooth manifold determined by the sequence of fiber bundles 

To Ti < T, T,+i < . (8) 

The maps r; : Ti — y Gi^k, I > 0, determine a smooth map r : T — y G . Any such 
map is, by definition, a (finite- dimensional) vector bundle over G . Notice that it is 
associated to the sequence (|8]) of vector bundle morphisms a filtration of vector spaces 

r(ro) y y r(r,_i) y Y{ti) y ■■■ . 

We understand the monomorphisms and interpret ([7]) as a sequence of 

vector subspaces. Similarly, we understand the fic>o,k+i'^ and interpret elements in T{ti) 
as functions G — T. Put r(r) := IJieNo ^i'^i)- ^i''') naturally a C°° {G)-modu\e and 
it is interpreted as the module of smooth sections of r. 

As an example, let G = J°°n, tq : Tq — y J^ti be a vector bundle for some k < oo 
and T := 7r^_fc(ro) : T := n^^^{To) — y J'^n. Since T{ti) = difffc+z(7r, r^) for any /, 



8 



we have the filtration difffc(7r,ro) C difffc+i(7r, ri) C ■■■ C difffc+i(7r, r/) C Put 
diff(7r,r) := IJ^^j^^ difffc4-/(vr, r/) = r(r). Elements in diff(7r, r) are called differential 
operators 'acting on local sections of vr, with values in tq' (in short 'from vr to tq'). 
They are nothing but sections of the vector bundle r : T — J°°tt. 

An important technical advantage of formally integrable PDEs is the following. Let 
C J°°{tt) be the ooth prolongation of a formally integrable PDE, r : T — ¥ J°°(7r) a 
vector bundle and : — > S' its restriction to ^. Then for any section s G r(r|#) 
there exists a section s' G r(r) such that s = s\^. In the following we will often use this 
property without further comments. 

Finally, let us mention here that a vector field on an pro-finite dimensional manifold 
does not generate a flow in general (see, for instance, |1U|). 

1.2 The Cartan Distribution and the '^-Spectral Sequence 

Let TT : E — y M and r : T — y J'^tt be as in the previous section and $ G diff (tt, r). 
In the following we will simply write J°° for J°°7r and for ig : S ^ J°° will 

denote the inclusion. Notice that for $ = 0, ^ = S"^^ = J°°. 
Recall that J°° is endowed with the Cartan distribution ^ which is defined as follows: 

'rf : J'^ 3 e ^% C TeJ^, 

where % := TgY^ for 9 = x e M. Denote by ^D(J°°) C D(J°°) the C°°(J°°)- 

submodule made of vector fields in the Cartan distribution, i.e., vector fields X G D( J°°) 
such that Xg G for all 6 G J°°. The Cartan distribution is n-dimensional, it is locally 
spanned by total derivatives . . . , Di, . . . and it is involutive, i.e., [X, Y] G ^D( J°°) for 
all X, y G ^D{J°°). Moreover, n-dimensional integral submanifolds L C J°° of are 
of the form L = for some local section p of vr. 
Let C J°° be as above. The Cartan distribution ^ restricts to S' in the sense that 
C TqS" for any 9 & S . Abusing the notation we still denote by the restricted to 
S distribution and call it the Cartan distribution of (S . Also we denote by ^D(i^) C 
D(^) the C°°(<f)-submodule made of vector fields in Elements in 'ioT^{S') are called 
horizontal vector fields. In particular, total derivatives restrict to (o', i.e., there are 
unique local vector fields . . . , , . . . on S" such that i*g o Di = Df o zj, i = 1, . . . , n. 
Again ^ is locally spanned by vector fields . . . , Df, . . ., it is involutive and n-dimensional 
integral submanifolds of it are graphs F^ of infinite jet prolongations of local solutions 
p of 

A spectral sequence is naturally associated to an involutive distribution and, in par- 
ticular, to the Cartan distribution on (the infinite prolongation of) a PDE as follows. 
Denote by ^A(i^) C A(f9') the subset made of differential forms u such that 

uj{Xi, . . . , Xfc) = for all Xi, . . . , G ^D((f ), 
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where k is the degree of u. 'ioK{S') is a differential ideal in A(^). Namely, it is an 
algebraic ideal and, moreover, it is differentially closed, i.e., du G ^A(^) for any 
uj e ^A((f ). '^A(ff ) is called the Gartan ideal of ,g. For any p G N, denote by ^PA((f ) 
the pth exterior power of ^A((f). Thus, the sequence 

A(^) D ^A(^f ) D ^2A((f ) D ■ ■ ■ D ^PA(^f ) D ■ ■ • 

is a filtration of the de Rham complex (A(<o'), d) of (I*. The associated spectral sequence 
is denoted by ^E(ff) = {(^^^'^((r), dP''')}^''? and called the -^-spectral sequence of S' 
[39j . It is regular and converges to de Rham cohomologies of S. 
The first column of the 0th term of 'ioE{S'), 

^ ^El'\<g) ^ ^ ^ ^El'\<g) ^ ■ ■ ■ , 

is, by definition, the quotient complex A(f?)/^A(i#'), which is also denoted by 

>C°^{S)^k\>g)^ 

and called the horizontal de Rham complex of <f. Its cohomology algebra 'ioE^'*[S) 
is denoted by H{(S), and called horizontal de Rham cohomology algebra of S . Re- 
call, in particular, that ci-closed elements in t^^^(S^ are called conserved currents and 
cohomology classes in H^~^{(S') conservation laws of the PDE 

In the following we will denote by ^A'=(^) (resp. <^PA'=(^),^^(ff ), the kth 

homogeneous component of ^A(ff) (resp. ^PA(f?), A{S'), H{(^)), k > 0, and by 
'^•A(^f) := 0p'^PAP(^f) C A((f) the (:7°°((?)-subalgebra generated by ^A^(^). Notice 
that ^PA(^) is generated by <^PAP((f ) as an ideal, p > 0. 

The ^-spectral sequence '^E{(S') contains very relevant "invariants" of the PDE S"^ 
(see, for instance, [9l l21j)- Moreover, it formalizes in a coordinate-free manner varia- 
tional calculus (on local sections of vr) constrained by [39j. Therefore, it is a most 
fundamental construction in the geometric theory of differential equations. Finally, it 
is a very general construction. For instance, it may be defined exactly in the same 
way when <f is the infinite prolongation of a system of PDEs "imposed on general n- 
dimensional submanifolds of E". However, in the present case, the fibered structure 
TTooU : (S' — > M of <f allows a more simple description (which is, in the general case, 
valid only locally), the variational bi-complex ^39j, which we briefly recall in the follow- 
ing. 

The Cartan distribution and the fibered structure tTooU • — ^ M of determine 
a splitting of the tangent bundle TS" — > into the Cartan or horizontal part ^ and 
the vertical (with respect to tToo) part ViTooIs-. Accordingly, D((f) splits into a direct 
sum: B{c^) = ^D(/) © VI){<^), VI){^) C D((f) being the C°°((r)-submodule made 
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of TToo-vertical vector fields, i.e., vector fields Y G D(i^) such that Y o vr^ = 0. In 
particular, yD( J°°) is locally (formally) generated by vector fields . . . , (9^, .... Dually, 
A^(^) splits into the direct sum 



(9) 



here and in what follows A^(<f) is identified with the C°°(^)-submodule in A^((p') 
generated by 7r^(A^(M)). In particular, ^A^{J°°) is locally generated by forms 
. . . ,Ljf := duf — u'^^dx^, . . . and A^(J°°) is locally generated by forms . . . , dx\ . . .. 
Similarly, 'tfA^{(S') is locally generated by forms ...,2^(0;"),... and A^(^) is locally 
generated by forms . . . , i'^[dx^), .... 

In view of splitting ([9]) A((f ) factorizes as A(f?) ^ ^•A((^') (g) A(^) (here and in 
what follows tensor products will be always over C°°(ff), or C°°{J°°) for $ = 0). 
In particular, there are projections pp g : A(ff) — y ^^A^((f) ® A^((^) for any p,q & 
Nq. Correspondingly, the de Rham complex of S', {A{(S'),d), splits in a bi-complex 
(^*A((^) A{S'),d,d^) (in the following diagram we drop for simplicity the postfix 

(^)), 



> "tfPAP — ^ ■ 



d^ 



dv 



^ ^p+iAP+1 > ^p+iA^'+i O A« ^P+iAf+i O A^+i 



-> "t^PAP ® A*? ^ > '^PAP ® A^+i — ^ 



defined by 



d{uj ® cr) := (pp,g+i o (i)((X' A a) and d^{uj ® cr) := (pp+i,g o (i)(u; A a) 



(10) 



where u G ^^A^(i^') and a G A'^(^), p,q E Nq. and c?^ are called the horizontal 
and the vertical de Rham differential, respectively, and (1 101) is called the variational bi- 
complex. In the following we will often understand isomorphism A(c9') ^ ^*A{S')^A[S'). 

As a bi-complex f fTOj) determines two spectral sequences. One of them is the ^- 
spectral sequence while the other is the Leray-Serre spectral sequence of the fibration 
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Ti'ool^ : ^ — ^ M [27]. In particular, for any there is a canonical isomorphisms of 
complexes 

{^Er{^)Ar) ^ (^^A^(^) ® A(^),^), (11) 

and the differential : ^Ef''((f) — > ^Ef+^'*(ff) is isomorphic to the map induced 
by dy in the cohomology i7(^PAP(c?) ®~k{<g),2). 

Notice that the embedding : <f )■ J°° of the infinite prolongation of a PDE 
determines via pull-back both a morphism of spectral sequences and a morphism of 
bi-complexes that, abusing the notation, we denote by the same symbol 

: {(^E;'-(j°°),rfr)} {(^E;'-(<f ),<••)}, 

i*s ■■ (^•A(J°^) ® A(J°°),d,d^) (^•A(^) ® A((f),rf,(i^). 
1.3 Higher Symmetries of PDEs 

Denote by D%f((o') C D((#') the subset made of vector fields preserving the Cartan 
distribution, i.e., vector fields X such that [X,Y] e ^D((f) for any Y E '^D{£'). 
'D'g{S') is clearly a Lie subalgebra in D((^'). Elements in D<g'((f) are called (infinitesi- 
mal) symmetries of S',^. The theory of infinitesimal symmetries of PDEs is fundamen- 
tal in many respects [9]. Notice that, since the Cartan distribution is involutive, then 
^'D{(S) C 'D^^{S') and it is an ideal in D^^{(S'). Elements in ^D{S') are called triv- 
ial symmetries of C9$, in that horizontal vector fields "are symmetries of every PDE". 
The quotient Lie algebra Sy"m{S') := 'D<^{S') /'io'D{S') is called the algebra of non-trivial 
higher symmetries of Sq,. Clearly, every equivalence class X = X -|-^D(<#') G Sym(<^), 
X e D<^(ff ), has got one and only one vertical representative X^ G VT^{S'). Any verti- 
cal element in Y)^ff{S) is called an evolutionary vector field. Thus Sym(i^') is isomorphic 
to the Lie algebra VDc^{(S') of evolutionary vector fields. 

In order to effectively describe V^D<^(^) and, therefore, Sym(^) let us first consider 
the case S' = J°°. It is easy to prove that any evolutionary vector field Y G VD<^{J°°) 
is determined by its restriction to C°°{E) C C°°(J°°). Moreover, every vertical vector 
field X ■ C°^{E) — > C^{J^) along tToo.o ■ — ^ ^ (x is vertical if xovr* = 0) extends 
to a unique evolutionary vector field 9^ G V"D<:^(J°°). We conclude that VY)cg[J'^) is 
in one to one correspondence with the C°°( J°°)-module x of vector fields along tIoo,o 
that are vertical with respect to tt or, which is the same, the module of sections of 
the induced vector bundle vr^ol'^^) ■ ^ooo(^^) — ^ ■ Elements in x are called 
generating sections of higher symmetries of vr. 

Let us now come to the general case when S is any. First of all consider the C°°{(S')- 
module of vertical vector fields x '■ C°°{E) — > C°^(<l') along 7roo,oU • — ^ ^ 
which is the same, the module of sections of the induced vector bundle tToo,o\'^{'^'^) '■ 
7i"oo,o|#(^7r) — > S . Elements in x|^ are called generating sections of higher symmetries 
of S . Similarly as to above, a generating section x G x|^ extends to a unique vertical 
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vector field 9^ : C°^{J'^) — > along the inclusion v : ^ J°°. If x is locally 

given by X = x°'9a, where . . . , x", • • • are local functions on S", then 9^ is locally given 
by 9^ = Dfx'^d^ls- However, in general 9^ is not tangent to and, therefore, is not in 
V^D<^((f ). Generating sections x such that 9^ G VD^^cf) are the ones in the kernel of a 
suitable differential operator: the so-called universal linearization of cS', which we now 
define (notice that to the author's knowledge the following definition never appeared in 
the literature before in the general form presented here - see also [34j). 

Let r, $ and <f be as in the previous section, and put r := tToo o t : T — y M. 
Since r is a vector bundle, Vt — > T is naturally isomorphic to the induced bundle 
r°(r) : t°{T) — > T, r°(r) being the (restriction to t°{T) C T x T of the) projection 
[T X T — > T) onto the first factor. Denote by p2 '■ 't°{T) — > T the projection onto 
the second factor and by p'2 '■ Vt — ?• T the map induced by p2 via the isomorphism 
Vt ~ T°{T). Consider the vertical tangent map V$ : VtIoo — > Vt_. Put og := 
o o ig : S' — > T and notice, preliminarily, that og = o ig. The short exact sequence 
of induced bundles — > oJ(V^r) — )■ o^(V^r) — > VTi^\g — )■ splits naturally via 
the map Vo\g : Vt^ooIs — > oj(yr) well defined by putting ^01^(6*,^) := {6,Vo{^))^ 
{0,C,) € V7Too\g- In particular, there is a canonical projection V$ : Og{VT_) — y oj(l^r). 
Define a map 

L$ : ViTools- — > T\s 

by putting L$(0 := {e.p'^iV)), where {9,V) := V^{e,V^{i)) G o;^(Kr), for all ^ G 
VgTToo, 9 E . L$ is a morphism of vector bundles. For any x ^ let G r(r|^) 
be defined by putting (i'$x)e •= L^{{9^0), 9 E S'. : x\g — )■ r(r|^) is a well defined 
linear differential operator called the universal linearization of 

Let us describe locally. Let (. . . , x*, . . . , , . . .) be local jet coordinates on J°°, 
(. . . , x% . . . , m", . . . , v"", . . .) adapted to r local coordinates on T, and (. . . , Ca, . . .) the 
local basis of r(r|^) associated to them. If $ has local representation ([3]), . . . , . . . 
being local functions on J°°, and x = X°'9a locally, then 

Ux = ea{di<!>'')\gDfx'' 

locally. 

Now let X ^ ^U- It is easy to see that if £<j,x = then 9^ is tangent to and, 
therefore, it is in V'Dc^{S). Vice versa, any symmetry Y G VT>c^{S) is of the form 9^ 
for a unique x ^ -^k such that = 0- We conclude that Sym(^) is in one to one 
correspondence with ker£$. In particular, ker£$ inherits from Sym(i^) the Lie algebra 
structure. The corresponding bracket is denoted by {■, ■} and called the higher Jacobi 
bracket of the equation 

Finally, notice that, for any x ^ ker£<j,, the 'insertion of and the 'Lie derivative along' 
9^ G VDlco) commute with the horizontal de Rham differential d : A((#) — y A(^), 
i-e., 

ig^od + doig^ = od - do Lb^ = 0. (12) 
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In their turn Identities (fT2|) imply 

id-^ od^ + o = £g^, od^ -d^ O Cg^ = 0, 

d^ : Ai^co) — A(i^) being the vertical de Rham differential. 

1.4 Secondary Differential Forms and Vector Fields 

Let S' be as in the previous section. As noticed above, n-dimensional integral subman- 
ifolds of the Cartan distribution ^ over are in one-to-one correspondence with local 
solutions of Thus, informally speaking, the pair ((f,^) encodes all the information 
about the "functional space M of solutions" of (3$ (in the following we will in fact 
identify (^, ^) with M). For instance, "local functional calculus" over such functional 
space may be formalized geometrically (and homologically) by using (^, as a starting 
point and the associated ^-spectral sequence as the main structure. Such formalization 
has been named secondary calculus [37j by its discoverer, A. M. Vinogradov, and its 
simplest constructions will be briefly reviewed in this section. 

Suppose temporarily that M is a compact, orientable and oriented manifold without 
boundary. Then an element S = [^] E F"(^) = '^E°'"(^), ^ G A" ((f), identifies 
with the (local) action functional 

M3p^S{p) := / (rp)*(if)GM, 

and in the following we will denote by 

j : A"((f ) 9 if ^ J ^ ■.= [^]e W{S) 

the projection. Thus ^ may be interpreted as the Lagrangian density of a Lagrangian 
theory constrained by the PDE As a natural generalization, we interpret H{S'), not 
only its n-degree component, as space of local function(al)s on M. By considering all 
less-dimensional cohomologies rather than just top ones we have in mind the possibility 
of defining functionals by integration on less-dimensional submanifolds of M. Such 
possibility is crucial in variational calculus with boundary conditions (see [26]). 

Similarly, for p > 0, '^E^'*{<^) is naturally interpreted as space of local differential 
p-forms on M. This informal arguments motivate the 

Definition 1 Elements inli{S) = '>fE^'*{£') =: C'^{My_are called secondary func- 
tions on M. Forp > 0, elements m hI'^pAp^^S) ® A(^),d) ~ ((^') =: Ap(M)' 
are called secondary differential p-forms on M. We put also K{M)' := @,^A?{M)*. 
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Notice that elements in A(iVf )" are sometimes referred to in the hterature as varia- 
tional forms [28j . 

We apply similar arguments to motivate the definition of secondary vector fields. First 
of all, notice that there exists a complex 

VD{^) ^ > VD{c^) ® A^((f ) ^ VD(^) ® A'?+i((?) ^ • ■ • , (13) 

somehow "dual" to complex (^Ai(^) ® A(^),d) ~ (^Ed''((f ), 4'*), well defined by 
putting 

S{X (g) u) := S{X) Auj + X ^du, 

X G VD{^), iJ e A(^), where S{X) G VD{^) (g)A^{^) is the yD((f )-valued horizontal 
1-form defined by putting S{X)(Y) := [y, X]^, and [F, X]^ is the vertical component 
of A]. Complex (fT3|) is called the (horizontal) Spencer complex of ^. As we will see 
later on in more details, 0-cohomology H^{VD{£') ® A((f ), S) of the Spencer complex 
is given by VD<^{(S'). Now, let X G Sym(i^) and 9^ G V'D^g{S') be the associated 
evolutionary vector field, X G being a generating section such that = 0. Sup- 
pose temporarily that 9^ generates a fiow {At}t of local diffeomorphisms of . Then 
for any t. At preserves the Cartan distribution and therefore the image At{L) of an 
n-dimensional integral submanifold L is an ra-dimensional integral submanifold. We 
conclude that X generates a fiow of solutions of and, therefore, may be interpreted 
as a (local) vector field on M. This makes it rigorous the assertion that tangent vectors 
to the solution space of a PDE are solutions of the associated linearized PDE. As a nat- 
ural generalization, we interpret the whole iJ(VD(<f ) ® A((f ), S"), not only its 0-degree 
component, as space of vector fields on M. This motivates the 

Definition 2 Elements in H ®h.{S')^ S) =: D(iVf)* are called secondary vector 

fields on M. 

All standard operations with vector fields and differential forms have their secondary 
analogue. Namely, let uj G Ap(M)^ uji G Kf'^{MY\ UJ2 e AP^{My^, X G D(M)'', 
Xi G Y){My\ X2 G T){My\ Then u: = [u], uJi = \uji] and cJa = [^2] for some 
uj G ^PAP(£) ® A«_((f), wi G '^PiAPi(ff) A«i((f) and ^2 e ^ A«2((f ) such 

that duo = dui = du)2 = 0. Similarly, X = [X], Xi = [Xi] and X2 = [X2] for some 
X G VD{c^) A'-((?), Xi G VD(^f) ® A'^i(^) and X2 G rD((f) ® A'-2((f) such that 
S{X) = >S'(Xi) = 5'(X2) = 0. The following operations are well defined: 

exterior product of differential forms: 

LJi A UJ2 := [{-lyP^UJi A UJ2] G \P^+P^{My'+''^; 
exterior differential of a differential form: 

da; := [d^u] G A^+^My-, 
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commutator of vector fields: 

:= [[Xi,X2l] eD(Mr+'^- 
insertion of a vector field into a differential form: 

Lie derivative of a differential form along a vector field: 

Cx^ ■.= itxod + do ix)u} e AP{My+'; 

I ■ , ■ ] being the Frolicher-Nijenhuis bracket of form-valued vector fields. 

Secondary analogue of the standard relations among the above operations hold. In- 
deed, let 0^2, ^1, ^2 be as above. The exterior product endows A{M)' = 
^p^AP{My with the structure of a bi-graded algebra. Namely, cJi A 0^2 = 
^_X)piP2+gig2^2 A (jJi. The exterior differential is a bi-graded derivation of bi-degree 
(1,0). Namely, d{u}i A 0^2) = duji A 0^2 + {—lY'^oJi A d(jJ2- The commutator en- 
dows D(iW)* = D(iW")'" with the structure of a graded Lie algebra, in particular, 
[X, [Xi,X2]] = [[X,Xi],X2\ + {-lY'^[Xi, [X,X2]]. The 'insertion of and the 'Lie 
derivative along' X are bi-graded derivations of bi-degree (— l,r) and (0,r) respec- 
tively. Namely, ix{<^i A UJ2) = ix<^i A UJ2 + (— l)^^+'"^^cJi A ix<^2 and £x(<^i A LJ2) = 
£^^1 A LJ2 + (-l)"''^t^i A CxUJ2- Moreover, [d,d] = [d, Cx] = [ix„tx,] = 0, 
[d,ix] = Cx, [1x1,^X2] = HXi,X2], 1^X1,^X2] = ^[Xi,X2h where [■ , ■] denotes the 
bi-graded commutator. 

Despite some time has passed since they were introduced |20ll39j . to the author knowl- 
edge, no general techniques have been developed so far in order to effectively compute 
secondary differential form and vector field spaces, i.e., cohomologies of complexes ( ITT]) 
and f lT^ . in full generality, other than the one based on the so-called compatibility com- 
plexes |34ll35j (and, possibly, the Koszul-Tate resolution [36j), which is reviewed in the 
next two sections. 

1.5 Horizontal Calculus on PDEs 

The Cartan distribution determines a "horizontal differential calculus" on Infor- 
mally speaking, the horizontal differential calculus is obtained replacing standard partial 
derivatives with total derivatives. For instance, a horizontal linear differential operator 
is one which is a linear combination of compositions of total derivatives. 

More rigorously, let r : T — > ^ (resp. p : R — be a finite dimensional vector 
bundle and P := r(r) (resp. Q := r(p)) the C°°(<f )-module of sections of r (resp. p). In 
the following any such module will be called a smooth module. A linear differential op- 
erator □ : P — > Q is called a horizontal (linear) differential operator iff, by definition, 
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for any 6 E and any submanifold L G <S' such that 6 E L and TgL C ^0 there exists 
a differential operator Dq : P\l — > Q\l such that = for all p e P. 

As examples, notice that horizontal vector fields, the horizontal de Rham differential d, 
the Spencer differential 5* and universal linearizations are horizontal differential opera- 
tors. Indeed, Let . . . , e^, . . . (resp. . . . , e^, . . .) be a local basis of P (resp. Q). Then a 
horizontal differential operator □ : P — Q is characterized as being one locally given 

by 

□p = EAn^^Dfp", . . . , ^, . . . being local functions on ^, (14) 

for all p = p°'ea local sections of r, ...,p°-,... local functions on In particular, 
if S' = J°° and ^ C J°° is the infinite prolongation of a PDE, then any horizontal 
differential operator □ : P — > Q restricts to i.e., there exists a unique (horizontal) 
differential operator D'^ : P\,^ — )■ Q\,^ such that {p\_^) = (\I\p)\^ for all p E P. 

Denote by '^Diff(P, Q) the set of all horizontal differential operators □ : P — y Q. 
Clearly, <^Diff(P, Q) is a C°°((f )-module naturally isomorphic to "rfBiSiP, C^{^))^Q 
and in what follows we will understand such isomorphism. 

Similarly, one may define horizontal jets of sections of vector bundles over just 
replacing partial derivatives with total derivatives in the standard definition. We refer 
to [36j for the details of the construction. Analogously to the standard case, one may 
also define (systems of horizontal) PDEs determined by linear horizontal differential 
operators and, in particular, formally integrable PDEs. 

Denote by Too : J°°t — > S the bundle of horizontal infinite jets of sections of 
r and put J°°P := r(roo). For any p E P denote by jooP G J°°P its infinite 
horizontal jet prolongation. There is a canonical monomorphism of C°°{(S')-modules 
h : ^Diff (P,g) 9 □ I — > ha e Hom(7°° P,Q), where hn is the unique C°°(^)-linear 
map such that hu{jooP) = for all p E P- Moreover can be uniquely prolonged to 
a C~(f?)-linear map : J°°P — > 1°°Q such that h^(j^p) = joo{Op) for all p E P. 

The following remarkable correspondence, 

^ loox ^ % e V^D(J-), (15) 

determines a well defined isomorphism of C°°( J°°)-modules. The dual isomorphism is 
given by 

^A^( J~) 3uj^n^e ^Diff (x, C°^( J°^)), (16) 

where : x — > C'^{J'^) is defined by putting D^x •= '^(^x)' X ^ ^- Accordingly, 
there is a natural embedding 77$ : VD{S') )■ J°°>i\g given by the composition 

^D(^)c ^yD(J~)|^^>J-x|^ , 

Vi' 
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and, dually, a natural projection r]l : ^Diff (x|^, -» "t^A^^) given by the 

composition 

^Diff(x|^,C°°(^))^^^Ai(J~)|^ »^A\^) , 

where the arrows are the inverses of restrictions to of isomorphisms f lT5|) and 

f|T6|) . respectively. Finally, let P be the smooth module where $ belongs. Notice that 
the sequence 

^VD(^)^J-x|^^J-p, (17) 

where := h^^, and its dual 

h°°* n* 

<rDifT(P,C°°((?))^^<^Diff(x|^,C°°(cf))— ^<^Ai(^) ^0 , (18) 

where ^^*(A) := A o 4, A G '^Diff (P, C^{(ff)), are exact. 

There exists a horizontal analogue of the concept of adjoint operator to a linear differ- 
ential operator. Let P be a smooth module (see above). Put := Hom(P, A"(<f )). 
is a smooth module as well and it is called the adjoint module to R. Obviously, iden- 
tifies canonically with P. Denote by P''' x P 9 [r\r) i — y {r\r) := r'^{r) G the 
natural bi-linear pairing. For any local basis . . . , Kq, . . . of P we denote by ... , k''"", . . . 
the local basis of P^ such that is the local homomorphism P — )■ K^{S) defined by 
putting (k'''", Kb) := S^dJ^x and d"x := dx^ A • ■ ■ A fix", a, 6 = 1, 2, 

Proposition 3 Letr G P (resp. G P^j, i/ien r = (^res]5. r"^ = 0) iff J {r\r) = /or 
a// G P^ (^resj). r & R). 

Proposition in] may be referred to as the cohomological DuBois-Reymond theorem and 
will be used later on without further comments. 

Now let P, Q be as above and □ : P — > Q a horizontal differential operator. It 
can be proved that there exists a unique differential operator (of the same order as □) 
: — > such that 

J{q\np) = J0q\p) (19) 

for all p G P, G Q^- is called the adjoint operator to □ and ( IT9|) is called the 
(horizontal) Green formula [5] fIU \ 157 ] . 

Adjoint operators have the following properties. First, = □. Second, let A : 
Q — > R be another horizontal differential operator, then (A o D)"!" = o A"!". If □ is 
locally given by (IT^ then is locally given by 

□ V = (_l)l^let'^D,(nfgt^), 
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for all = q^s"^^ local elements of Q\ . . . , q\, . . . local functions on S". As an example, 
notice that the adjoint module of A^(<f ) is canonically isomorphic to A"'~'^{S'), and that 
the adjoint operator of the horizontal de Rham differential d : A'^{(S') — > A'^^^{£') is 
the operator (-l)"-^-!^ : A"-''-i(^) — y A"-«(^), g = 0, . . . , n. 

Notice that the Green formula amounts to say that for any p & q'^ E Q'^ there exists 
^p.qt e A"-^(^) such that {q\ Up) - {U^q\p) = djEp^q^. It can be proved [Ij that jEp^^ 
can be chosen of the form }f{{p,q'^), }K : P x — )■ K"'~^[S') being a (possibly non 
unique) horizontal bi-differential operator independent of p and g^. Any such operator 
)K is called a Legendre operator for □ [2j . The Green formula plays a central role in 
the theory of the ^-spectral sequence. 

1.6 Formal Theory of Horizontal PDEs and Secondary Calculus 

There exists a horizontal analogue of the Goldschmidt-Spencer formal theory of linear 
differential equations (see [T5| for a complete account of the classical theory - see 
also [TB] - and f2T\ 155] for its horizontal analogue). 

Let A : P — > Pi be a horizontal differential operator of order < k between smooth 
modules. 

Definition 4 A complex of horizontal differential operators between smooth modules 

yp^^Pi^ >P,^P,+i^.-. (20) 

is called a compatibility complex for A iff the sequence of homomorphisms 

> J~ P ^ J~Pl > J'^Pg J°°Pq+l ^ ■ ■ • 

is exact. Ai is called a compatibility operator for A. 

The existence of a non trivial compatibility operator for A formalizes the fact that the 
equation Ap = is overdetermined [32j. We stress that Definition H] is slightly different 
from the one usually found in the literature (see, for instance, [T5| [2T]). However, it 
can be shown that, if A determines a formally integrable PDE, then the two coincide, 
and Definition H] is the most suitable for our purposes. 

Theorem 5 (Goldschmidt) Let A be a horizontal differential operator between 
smooth modules. If A determines a formally integrable horizontal PDE, then there 
exists a (non unique) compatibility complex ^EW for A, such that Aj determines a 
formally integrable horizontal PDE for any i = 1,2, . . .. 
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Any compatibility complex as in the above theorem will be said regular. Let A : P — > 
Pi determine a formally integrable PDE and (120|) be a regular compatibility complex 
for it. Then, the compatibility operator Ai has the following remarkable property. 

Proposition 6 Let □ : Pi — > Q be a horizontal differential operator such that □ o 
A = 0. Then there exists a horizontal differential operator V : P2 — > Q such that 
□ = V o Ai. // A2 = then V is unique. 

Thus, let A : P — )■ Pi determine a formally integrable PDE and 

^P^^Pi^^ ^P,_i^^P, ^0 

be a finite length regular compatibility complex. In this situation we say that the 
compatibility length of A is < s. 

Now let 71 : E — > M be a fiber bundle, r : T — y J°° a vector bundle, $ G diff(7r, r) 
and (S' := (S'^°°\ Put Pi := r(r)|^. Notice that if is a formally integrable PDE, then 
: — > Pi determines a formally integrable, linear, horizontal PDE [34j . 

Theorem 7 (Spencer) Cohomology'D{M)* of complex {y'D{S')® K{(S'), S) is canon- 
ically isomorphic to cohomology of any regular compatibility complex 

> XU ^ Pi > Pq Pq+1 -^-^ ■ ■ ■ 

for U. 

In the following we will only consider regular compatibility complexes. 
Isomorphism ker£$ ~ T){M)^ is given by 

keiU Vn^cff) = D(M)°. 

We now describe isomorphism ker Ai/ im£$ ~ D(iW")^ referring to [21] for the remain- 
ing homogeneous components. Let p G Pi be such that Aip = 0. Consider j^oP G J°°Pi. 
Then h^-^{joop) = Aip = and, therefore, Ai being a compatibility operator for 
there exists j G J°°x such that JooP = h'^{j\^)- Let X := rj^^iJ) G V'D(J°°) (here 
is the trivial differential operator) and := S{X) G VD(J°°) (g) A^{.J°°). It is 
easy to prove, suitably using exactness of sequence f|T7|) . that Q restricts to S', i.e., 
n ■= G 1/D(^)®P((f) C VD{J^)y ^A\^). Moreover, S{n) = 0. Fi- 

nally, the isomorphism kerAi/im£<j, ~ D(iVf)^ maps p + im£| G kerAi/im£$ to 
[n] G H^{VI){^)(g)A{(^),S) = D(M)i. 
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Corollary 8 Cohomology A^{M)' of complex {'^A^{(S') ^ A{(S'),d) is canonically iso- 
morphic to homology of the adjoint complex 

0< xl^^P/^ <^P:^pU< 

of any regular compatibility complex for . 

Isomorphism A^(iVf)" ^ coker£^ is described as follows. Projection r]^ : 
^Diff(x|^,C°°(^)) -» ^Ai(^) gives rise to a projection 

: ^Diff(x|^,A(^f)) ^ '^A^(^) ® A(^) 

which, abusing the notation, we denote again by r]^. Thus, let u G ^A^(<f ) (g) A"'{S') 
and □ e '^Diff(x|^,A"((^')) be such that //!,(□) = u. Consider Qt : C°°{<ff) — > x\\. 
Isomorphism A^{MY ~ coker4 maps [u] G /f"(^Ai(^) ® A(^),^) = A^{MY to 
+ im4 e coker4- 

We now describe isomorphism A^(Ai')""^ ~ ker£^/imA| referring again to [21] 
for the remaining homogeneous components. Let u G 'ioA^{S') ® A^~^{£') and □ G 
^Diff (x|^, A"(ff )) be such that du = Q and ?7|,(n) = oj. Then, it follows from exact- 
ness of sequence ((18]) that d o □ = A o for some A G '^DifT(Pi, A"(<f )). Consider 
At : C~(^) — ). pt p] ^ pt^ j^a^g £t_(^pt) ^ o ^t)(i) = 

(Ao4)t(l) = (don)t(l) = (□todt)(i) = (□tod)(l) = 0. Thuspt G_ker4- Isomor- 
phism Ai(M)"-i ~ ker4/imAl maps [uj] G iJ"-i(^Ai(f?) ® A(f?),5) = A^M)""! 
to pt + im AJ G ker £^ / im AJ . 

Notice that the above corollary describes to some extent the 1-st column of the 1-st 
term of the ^-spectral sequence of . The following theorem due to Verbovetsky [35] 
(see also |39] for the case s = 2) extends it to the remaining columns. 

Theorem 9 (s-lines) Let £' C J°° he the infinite prolongation of a formally integrable 
PDE and let the compatibility length of be < s. Then 'ioE\''^{S') = if p > and 
q < n — s. 

Example 10 (empty equation) //$ = then = J°°, = and its compatibility 
length is 0. In this case D(M)'' = for r ^ and D(M)' = D(M)° ~ x. The exact 
sequence 

^ D(M)0 > VD( J°°) yD( J°°) ® A\J°°) (21) 

splits via the composition 

FD(J~)^^J°°(x) ^x^^D(M")0. (22) 
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Similarly, A^{My = for n and A^{M)* = A^{My'' ^ x^. The exact sequence 
<^Ai(J~) ® A"-i(J~)^-^^Ai(J°°) (g) A"(J°°) ^Ai(M)" ^0 

splits via the composition 

Ai(M)"^^xtc >^Diff(x,A") ^^Ai(J°°) (g) A'^ . 

Let Y G yD(J°°) and (y9 G x'^ 6e locally given by Y = Yfd^^ and ip = Lpad'^"', 
. . . , y/*, . . . , ipai ■ ■ ■ being local functions on J°° . Then, locally, 

^(r) = Y^dc, and tjj^ip) = ^aOoZ ® d"a;. 

Finally, notice that both diagrams l[21\) and [2^) restrict to the infinite prolongation 
of a PDF and such restrictions preserve the exactness. 

In the following we will understand the above isomorphisms Y){M)^ ~ x and 
A^(Af)" ~ x''". In order not to make the notation too heavy we will also understand 
the monomorphism ip"^ . According to this convention is understood as a subset in 
^A^(J°°)(g)A"(J°°). Moreover, if G x^" and x G x, then ia^^p^i^p) G A"(J°°) identifies 
with (v3,x)- 

Example 11 (irreducible equations) A non-empty PDE is called l-noim.a\ (or, 
in physical terms, irreducible^ iff the compatibility length of ii^, is < 1. In this case Ai 
may be chosen equal to 0, T){MY = for r ^ 0,1, D(iVf)° ^ ker£$ as above and 

B{My ~ coker4. 

Similarly, A^{My = for q ^ n,n — 1, A^(iW)" ^ coker £^ as above and 

A\MY-^ ~ ker4- 

2 The Covariant Phase Space 

2.1 Lagrangian Field Theories and the CPS 

The calculus of variations is formalized in a coordinate-free way via the ^-spectral 
sequence. 
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Definition 12 A Lagrangian (field) theory is the datum {it, S) of a fiber bundle 
TT : E — > M and an action S G H"'{J°°). Any representative ^ G A"(J°°) o/ the 
cohomology class S = j ^ is called a Lagrangian density of the theory (vr, S). 

Recall that the space M of n-dimensional integral submanifolds of the Cartan distri- 
bution ^ on J°° is in one-to-one correspondence (via infinite jet prolongation) with the 
space of local sections of vr. As above we will often identify M with the "store" ( J°°, ^) 
of its elements. M is known in the Physics literature as the space of histories and an 
action S G H^{J°°) C C°°(iW)* is a secondary function on it. 

Within secondary calculus, the Euler-Lagrange equations (whose solutions make it 
stationary the action) associated to the Lagrangian theory (vr, S) are easily obtained by 
applying to S the secondary de Rham differential d : C°°{M)* — > A^{M)'. Indeed, 
according to the previous section, A^{M)' = A^(Ai")" ~ and dS identifies with the 
element_E(^) := P^l G c ^Ai(J°°) ® A"(J°°), where we put £^j.= {r]*)-\d^^) : 
X — > A"(J°°), being any Lagrangian density. Locally, ^ = Ld^x for some local 
function L = L{. . . ,x\ . . . , uj, . . .) on J°° and 

^ := (—iy^^Dj(d^L) being the so-called Euler-Lagrange derivatives of L, a = 
1, . . . , m. Thus dS is naturally interpreted as the left hand side of the Euler-Lagrange 
equations Se^^) of the theory (vr, S). In the following we will always assume S'e{^) to 
be a formally integrable PDE. 

Let S := 'S'^^y The space P of n-dimensional integral submanifolds of the Cartan 
distribution on S' is in one-to-one correspondence with the space of (local) solutions 
of (oE{^) and is called, according to Physics literature, the (non-reduced) CPS of the 
theory (tt, 5) [H H [IH Ha [25]. 

By definition 

d^^ - E{^) = de (23) 

for some 9 G ^A^(J°°) ® A"^^(J°°). Any such 6 will be called a Legendre form [2] 
(notice that =Sf — ^ is a so-called Lepagean equivalent [22| |23] of Equation fl23|l 

may be interpreted as the first variation formula for the action S. In this respect, the 
existence of a global Legendre form was first discussed in |24j . Any two Legendre forms 
6.9' differ by a closed, and therefore exact, form dX, X G ^A^{J°°) ® A"'^^(J°°) (see, 
for instance, |21 ES] for a local description of Legendre forms). Notice that, in view of 
isomorphism tJq, identity (l23l) may be understood as the Green formula 

£^-£^1 = (do)K){ • ,1) 
for the horizontal operator )f{ being a Legendre operator for it. 
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Theorem 13 (Zuckerman) There is a closed secondary 2-form uj on P canonically 
determined by the corresponding Lagrangian theory (vr, S). 

Proof. Using the language introduced so far we reproduce here the proof in j30] 
by adding the only missing point, that is the independence of uj of the choice of a 
Lagrangian density. Thus, let ^ be a Legendre form. Put 

uj := -i*g{d^e) G ^^A2(^) A"^^((f). 

Then 

duj = -dt}{d^e) 
= i}{d^de) 

= -d^'eAEi^)) 

= 0. 

Since u is d-closed we may take its cohomology class u: := [u] E A^(P)"^"'^. Now, uj is 
canonical, as proved in what follows. 

1. (jj does not depend on the choice of 6. Indeed, let 6' := 6 + dX be another 
Legendre form, A G ^A_i(J°°) ® A"-2(J°°) and u' := -i*Ad^e'). Then = 
-ig{d^e + d^dX) =uj + di*Ad^X), so that [cu] = [lu']. 

2. (jj does not depend on the choice of Indeed, let <if be a trivial Lagrangian 
density, i.e., ^ = du for some z/ G A''-\J°°). Then 5 = 0, E{^) = and 
d^Jtf — E[^) = —dd^u. This proves that -d^ z/ is a Legendre form, so that 
a; = [i*Ad^d^iy)] = 0. 

Finally, duj = [d^u] = 0. ■ 

Notice that the above theorem can be generalized to the case of a Lagrangian field 
theory subject to constraints in the form of (the infinite prolongation of) a PDE ^ C 
J°°, under suitable cohomological conditions on J^. Constrained Lagrangian theories 
will be considered somewhere else. 

A general coordinate formula for u may be found, for instance, in [25]. The expression 
of u for specific Lagrangian theories may be found, for instance, in [TTl [121 UHl EH l30] . 
However, we stress that, in general, there is no distinguished representative a; in w. 
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2.2 "Symplectic Version" of I Noether Theorem 

Let (vr, S) be a Lagrangian field theory and x G x the generating section of an higher 
symmetry of vr. In view of isomorphism x ~ T){M)*, x niay be understood as a 
secondary vector field on M. By definition, x is a Noether symmetry of (vr, S) iff 
C^S = 0, or, which is the same, i^dS = 0. In terms of a Lagrangian density 
the last equality reads as ig^dX ^ = da for some a G A"^^(J°°). Using (123|) one gets 
ig^{E{^) + d6) = da. In view of isomorphism ?7q, this implies (^((7 — 29^0) = {E{^),x) 
and, pulling-back to ^, 

di*^{a - idj) = 0. 

We have thus shown that j := iJ(cT — ia^O) G A"~^(<^) is a conserved current of 
and this is, basically, the content of the first Noether theorem. Any such conserved 
current is called a Noether current of {tt,S). The associated conservation law / := 
[j] G H"'^^{S) C C°°{P)* is called a Noether charge. Notice that neither j nor / are 
uniquely determined by x in general. 

It is well known that if x G x is a Noether symmetry of (tt, S), then x\s' G is the 
generating section of a symmetry of , i.e., iE{^)X\<^ = 0- This can be easily proved by 
means of the following useful 

Lemma 14 Let (p G x^, ^ := (f^""-* C J°°. For any x G x, 

In particular, {Cg^(f)\_^ G x|^ and does on/y depend on the values of x on ^ . 

Proof. For any Xi G x, put Xi '■= X\\.9- Similarly, for a (local) function / on J°°, put 
/ := Compute 

= (V', + >C^^(y?,Xl)• 

Since = 0, we have 

{id^^C-a^^)^ = {Ca^{^,xi))W. (24) 

Now, let ip, X and xi be locally given by = Pad'^", x = x'^d,3, Xi = Xid^, 
. . . , yjQ,, . . . , X^, • • • , xL • • • local functions on J°°. Then locally, 

£9^(^,Xi) = Z^/X^5^(<^aX?)d"x = [D,x''(5>a)x? + Da^{df,Xi)y^aWx. 
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Since = 0, a = 1, . . . , m, we have locally 

= Dfx^id^md'^x = {e^x,Xi)- (25) 

Using ([25]) into we get 

where ig^ is the restriction to ^ of the operator (see Section II. 5p . From the 
arbitrariness of Xi the result follows. ■ 

Now, let X £ ^ be a Noether symmetry of the Lagrangian theory (tt, S), and =Sf a 
Lagrangian density. Then, in view of Lemma [TH 

iEi^^xU = iC9^Ei^))U, (26) 

and 

This shows that the horizontal cohomology class [Cg^E{^)] G A^(iV4")" ~ is zero 
(and so is its "restriction" to S') and, therefore, iE{^)X\<^ = (see the final comment in 
Example [Tn|) . 

The above remark proves that if x is a Noether symmetry, then X := x\iS ^ 
ker£_E;(if) — D(P)'^ is a secondary vector field on P. Let / G C^{P)^~^ be, as above, 
a Noether charge associated to x- 

Proposition 15 df = —ix<^ (see Equation 22 in J2^). 
Proof. Let j, a, 6 and u be as above. First of all, notice that 

d'^id^'a - CaJ)y = d(rf^a - CaJ)^ 

= -(^E(^)X\s 

= 

and, therefore, {d^a - CaJ)]^ = d^v\s for some v G ^A^(J°°) ® A''-2(J°°) and, in its 
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turn, i'^i^dXa — Cg^O) = di*g[u). Then 



df = [rfM 



= [d^U^)] 



d^'taj)] 

CaJ) + ta^l,t*Ad''e)] 



Notice that Proposition [T5] resembles very closely the analogous result in Hamiltonian 
mechanics. Moreover, if (S'e(j^) is an irreducible equation then d : — >■ 
Ai(M)"-i is injective jJH [M] modulo obstructions in H^'^^E) C 
Thus, df determines the "non-trivial conservation law" (see [9j) / + H^~^{E) G 
H"'^^ {(o) / H"""^ (E) and is interpreted as the generating section of it. Proposition [TSl 
can be then understood as a way to compute the generating section of the non-trivial 
conservation law associated to a Noether symmetry. 

2.3 "Symplectic Version" of (Infinitesimal) II Noether Theorem 

First of all, recall that the operator iE{y) '■ — >■ is self-adjoint, i.e., iE(j^) = 
i^E(^) '■ ^\<s — ^ ^\^s- This fact is key in the calculus of variations [39] and will be crucial 




in what follows (for a proof see, for instance, [9l |39] - see also [3] for an alternative 
approach) . 

The usual definition of (infinitesimal) gauge symmetries of a Lagrangian field theory 
is the following (see |25]). 

Definition 16 A Noether gauge (or localj symmetry of the Lagrangian theory {7f,S) 
is a horizontal linear differential operator G : Q — > k such that G{e) is a Noether 
symmetry for any e & Q. 

We added the prefix "Noether" in the above definition of a "gauge symmetry" to 
distinguish it from an alternative (and, generally, inequivalent) definition that will be 
proposed below. Physicists say sometimes that G is a Noether symmetry depending on 
the arbitrary parameters e. 
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The second Noether theorem states that, in presence of gauge symmetries, there are 
relations among the Euler-Lagrange equations. Namely, for all £ G Q, 

= CGie)S 

= iG(e)dS 
= j iAG{e)) 

= y'((£^oG)t(i),5) 
= y'(Gt(4i),5) 

= |(Gt(S(^)),5), 

and it follows from the arbitrariness of e that (^^(-^(.Sf)) = 0. These relations are 
traditionally called Noether identities. 

An "infinitesimal version" of the second Noether theorem can be formulated. First 
of all, notice that, since G{e) is a Noether symmetry (so that G{e)\ff is the generating 
section of a symmetry of ^) for all e, one also has = iE{jif)G{£)\<^ = {^E{jtf) 
and, from the arbitrariness of e, 

iEi^) oG^ = 0. (27) 

Identity 0271) may be interpreted by saying that the linearized Euler-Lagrange equations 
admit gauge symmetries". Indeed, if x G x|# is in the kernel of iE{^) so is the "gauge 
transformed" element x + G''^(e)j for any arbitrary e G Q\^. In particular, the linearized 
Euler-Lagrange equations are, in a sense, "underdetermined". 

By passing to the adjoint operators in (127|) and using the self-adjointness of iE{^) we 
get 

{GyoiE^^^ = 0. (28) 

This shows that there are relations among the linearized Euler-Lagrange equations and 
that they are, in a sense, "constrained". Thus, "infinitesimal gauge symmetries corre- 
spond to infinitesimal constraints" via adjunction j25]. Identities ( 128|) (and sometimes 
the operator {G'^Y itself) are called infinitesimal Noether identities. 

Now let Ai : — > P2 be a compatibility operator for ^e{^)- Consider also the 
adjoint operator A{ : — ^ ^k- particular, Ai o ^E{^) = and (using again the 
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self-adjointness of £e{^)) £e{j^)°^i = 0. In view of the last identity, if x ^ ^^e 
kernel of iE{Jif) so is the element % + Aj-i?, for any arbitrary ■(9 G Pj^. Notice also that, in 
view of Proposition ini all infinitesimal Noether identities (G"^)^ "are generated by Ai" 
in the sense that {G'^Y = V o Ai for some horizontal differential operator V : P2 — >■ 
Ql^. Similarly, by passing to the adjoint operators, we see that all infinitesimal gauge 
symmetries are generated by AJ, i.e., G"^ = AJoV^ for some : pI These 

simple remarks suggest a more natural definition of infinitesimal gauge symmetries. 

Definition 17 A gauge symmetry of the Lagrangian theory (vr, S) is an element in the 
image of the adjoint operator A| of a compatibility operator Ai for iE(y)- 

We will sometimes denote by q := im A| the set of gauge symmetries. Notice that, in 
view of Theorem [71 the above definition is independent of the choice of Ai. Moreover, 
while it is clear that imG"^ C Q for any Noether gauge symmetry G, to the author 
knowledge it has not been determined yet in full rigour and generality if q is generated 
by the images of Noether gauge symmetries or not. Therefore, we prefer to adopt 
definition [T71 This choice is strengthened even more by the results presented in the 
remaining part of this section. 

Consider the natural M-linear map 

n : D(P)' 9 X I — > ft{X) := G \\P)'. 

Definition 18 The kernel keifl C D(P)* is called the degeneracy distribution of u: 

and will be also denoted by kercj. The secondary 2-form u) is said to be 1) weakly 
symplectic (or non-degeneratej iff keiu} = 0, 2) strongly symplectic (or, simply, sym- 
plectic ) iff Q, is an isomorphism. 

In order to better characterize uj it is desirable to describe its degeneracy distribution. 
First of all, notice that, since uj is closed, kercj is a secondary involutive distribution, 
i.e., it is a graded Lie subalgebra in D(P)*. Indeed, let X,Y G kera; then 

Y]) = i[x,Y]^ = i'^x, Cy]^^ = [ix, [lY, d]\u; = 0, 

i.e., [X, Y] G kera;. 

Denote by ft'' : D(P)'' — > A\PY+'^-'^ the restriction of Q to D(P)^ r = 0, . . . ,n. 
Obviously, fi'' = for r > 1, independently of the Lagrangian theory. For this reason, 
every degree r > 1 secondary vector field over P is said to be a trivial element in kero;. 
Thus, non-trivial elements in keru; must be searched in D(P)° and D(P)^. In the 
following we will "describe" such elements. Put tkero; := keiu} H D(P)''. 



29 



Theorem 19 Diagrams 

il ! (29) 
^imAj^ >^eriE(£') ^ker££(^)/im A| ^0 

and 

D(P)i > Ai(P)" 

it I (30) 
^ ker Ai/ ira £e{j^) > coker iE(j^) ^ ker Ai > 

commute. 

Proof. The vertical arrows in Diagram (12^ are described in Section 11.61 Thus, 
let X = 9^ E D(P)°, X ^ = 0- Let % G x be such that 

— X- Now, ri°(X) = ix^ = [i'^i—'ia-d^d)], & being a Legendre form. Put 
□ := (^r]l)-\~i3A^e) G ^Diff(x,A"-i(J°°)) and □ := □'^ G ^Diff (x|^, A"-i(^)). 
Then, obviously, ri*^^^-^{\3) = i'^.{—ig^d^6). Show that c? o □ = A^ o where 

A^ G ^Difr(x|i, A"(^)) is defined by putting A^(p := {if,x), G x|^ (thus, At^ is 
actually a C°°(i^)-linear map). Indeed, let Xi ^ ^ and put Xi XiU- Compute 

(5on)(xj=5(nxi)U 

= {-ia^ia^^d^M)]^ 
= {te^te^^d'' E{^))U 

= {ie^C9^E{^))U-{ia,d^{E{^),Xi))U 
= (^^;mXi,x)-(^9,(^^m,Xi))U 

= (A^ o££;(^))(Xi), 

where we used Identities (125|) and (l26l) . It follows from the arbitrariness of Xi that 
(i o □ = Ajj, o . Therefore, ix^ corresponds to Aj^l + im AJ G ker ^E{^) / im AJ via 
isomorphism A"^(P)"~^ ~ ker££;(_^)/ im AJ. Finally, it is easy to see that A^^l = x- 

Now, consider diagram ( 130|) whose vertical arrows are described in Section 11.61 as 
well. Let (p G x|^ and j G J°^x be such that Aiy^ = and jooV^ = ^£(i?)(j|(f) G 
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J°°x|^. Since J°°x is pro-finitely generated by elements of the form jooxH X ^ 
then J = X] fjooX foi' some (generally, infinite in number) ...,/,... G J°°) and 
^. . , X, • • • e X. Consequently, ^ = fU^E(j^)X\s- Put Z := (S o ?7o"^)(j) = E ® 
ci/ G yD(J~) (g) Ai(J°°) and recall that 1) Z restricts to S" and 2) ip + im££(^) G 
ker Ai/im££;(^) corresponds to Z := [Z] G D(P)\ Z G V'D{(g') O A^tf) being the 
restriction of Z to S", via isomorphism ker Ai/ im£_E;(if) — D(P)-'^. Now, Q^{Z) = 
izijJ = [iz^Ud^^)] = [iU'^zd^O)]. Compute 

= dp- y^Jdig^d^e 
= dp -"^fig^d^dO 

= dp + J2if^a.E{^) - fd^{E{^),x)), 
where p = E f^a^d^^ ^ ^Ai( J°°) ® A"-i( J°°). Therefore, 

ZziUd^'e) = dfAp) + J2'*Af^9.E{^) + fd''{E{^),x)) 

= d^Ap) + E vU^){f\AEmx\^) + E fd''^AE{^), x) 
= diAp) + V*E(^){v)- 

Finally, ^V-{Z) = [VE{Ji')('^)] corresponds to ip^^l + imiE(^) G coker££(^) via isomor- 
phism A^(P)"' ~ coker It is easy to prove that ip^^l = ip and this concludes the 
proof. ■ 
Some corollaries are in order. 

Corollary 20 There is a natural isomorphism ker ~ g © tkercj. 

Corollary 21 g C ker£_E;(j?) is a Lie subalgebra (see, for instance, JT^). 

Corollary 22 Let G : Q — > x be a Noether gauge symmetry. Then imC^ C kerc*; 
(see also JSBj). 

Corollary 23 The secondary 2-form u: is weakly symplectic iff it is strongly symplectic 
iff the Euler- Lagrange equations (S'e{^) are irreducible. 

Proof. In view of Theorem [191 ^lud fl^ are isomorphisms iff (S'e(^) is an irreducible 
PDE (see Example [TT]) . In view of the 2-lines Theorem[9](s = 2), irreducibility of (S'e{j^) 
implies, in its turn, that tkercu = 0. ■ 

^This means that an element in J°°k may be understood as a(n equivalence class of) formal infinite 
linear combination(s) of elements of the form j^x^ X ^ ^- Notice that, in any case, all the following 
computations remain still valid. 
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2.4 Gauge Invariant Secondary Functions 

Let be a smooth manifold and a G A^(A^) a presymplectic structure on it. There is no 
Poisson structure on associated to a . However, a Poisson bracket may be introduced 
among "gauge invariant" functions on A^, i.e., functions which are constant along the 
leaves of the degeneracy distribution of a. This is precisely the Poisson bracket on the 
symplectic reduction of {N,a). In this section we describe "gauge invariant secondary 
functions" on the CPS P and show that, similarly to the standard situation, a; induces 
a Lie bracket among them. Thus, the results presented in this section are propaedeutic 
to a "secondary symplectic reduction" of (P, cj) (see next section). 

Definition 24 A secondary function f G C'^{PY is called gauge invariant iff = 
for all Y G ker a;. 

Let us describe gauge invariant elements in C°°(P)"^^ and C°°{P)^. 

Proposition 25 Any element in C°° {P)^^^ is gauge invariant. 

Proof. Recall that the map $1° : D(P)° — v A^(P)"^^ is surjective (see Theorem [T9|) . 
For any / G C°°{PY'^, let X G D(P)° be such that n{X) = df E A\P)"-^ and 
Y G kercj. Then Cyf = Wdf = Iy^x^ = —ix'^Y'^ = 0. ■ 

Now, let /i,/2 G C°°(P)"-i and Xi,X2 G D(P)° be such that 0(Xi) = dfi and 
n{X2) = df2. Put {/i,/2} := -tx.tx.u: G C-(P)"-i. 

Corollary 26 (C°^(P)"~\ { ■ , ■ }) is a well defined Lie algebra. 

Proof. In view of Proposition [251 {/i? /2} is well defined for all /i,/2 G C°^{P)"'~^, 
i.e., it is independent of the choice of Xi,X2. Skew-symmetry and the Leibnitz rule 
follow (as in standard presymplectic geometry) from duj = and the fact that, if 
fi(Xi) = d/i and n{X2) = df2, then n{[X,, X2]) = d{fi, /2}. ■ 

Notice that the existence of a natural Lie bracket among conservation laws of an Euler- 
Lagrange equation was already known and may be also proved by "off shell" methods 
such as BRST ones (see, for instance, |51E])- 

Proposition 27 An element F G C°°(P)" is gauge invariant iff dF G imfi. 

Proof. If dF = O(Z') for some Z G D(P)^, then F is gauge invariant (see the proof 
of Proposition [25]) . Vice versa, suppose CyF = for all Y G keru;. Let F = J p, p E 
A"(<^'). Recall that dF = [d^ p] G A^{PY corresponds to Dh + imiE{^) e coker 
via the isomorphism A-'^(P)" ^ cokei iE(j^), D : x|c? — > being any horizontal 
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differential operator such that ?7j(n) = dy p. In view of Theorem [T9| dF G imfi if 
Ai(ntl) = 0. Let X = ^{^ e x|^, ^ e pI and Y = 9^. Then 

= CyF 




= j ia^d^P 

= jiDoAim 

= y"(^,(Aiont)(i)). 

It follows from the arbitrariness of "i? that Ai(n"''l) = 0, and this concludes the proof. 
■ 

The Lie algebra (C°°(P)"-\{ ■ , ■ }) acts naturally on gauge invariant elements in 
C~(P)". Indeed, let F G C°°(P)" be a gauge invariant element and / G C°°(P)'"-^ 
Put {f,F} := CxF G C~(P)'', X G D(P)° being any secondary vector field such 
that Cl^{X) = df. Exactly as above, {f,F} is well defined. Moreover, it holds the 

Proposition 28 {/, F} is gauge invariant. 

Proof. Recall that, in view of Proposition l27t dF G imfi^, i.e., dF = iz^ for some 
Z G D(P)^. Show that d{f,F} G imfi^ as well and then apply Proposition 1271 again. 
Indeed, 

d{f,F} = dCxF 
= CxdF 
= ^xizi^ 

= -Hx,z]^ + izdix^ 
= n\-[X,Z])+izddf 

= n\[z,x]). 

■ 

It is easy to prove that the action of C'^{P)^~^ on gauge invariant elements in 
C°°{P)^ is indeed a Lie-algebra representation. 
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Remark 29 Notice that if the Euler- Lagrange equations are irreducible, then is an 
isomorphism, kerfi = and every element in C°°{P)* is trivially gauge invariant. In 
this case (C°°(P)"-i, {-,■}) acts on the whole C^^Pf. 

In [8] (see also [14]) it has been shown that the bracket described in full rigour in 
this section coincides with the Peierls bracket [29]. In its turn the Peierls bracket is at 
the basis of a covariant approach to quantization of field theories |13] . It is likely that 
the mathematically rigorous picture presented here will help to better understand, deal 
with and, possibly, generalize this complicated "functional" structure. 



2.5 Perspectives: Secondary Symplectic Reduction 

Most of the remarks in this section will be informal. From the physical point of view, 
gauge invariant functions on P are the true observables of the Lagrangian theory and, 
therefore, play a special role. We shew in the last section that, basically, a Lie bracket 
is defined on gauge invariant functions. We may go even further and ask: 

1. are gauge invariant functions secondary functions on some secondary manifold PI 

2. if yes, is P a symplectic reduction of the secondary "presymplectic manifold" 
(P,a;)? 

In some more details, asking the last question amounts to wonder if there is an 
embedding of algebras tt* : A(P)* ^ A(P)* and a secondary two form a; on P 
such that 1) kero) = and 2) uj = 7r*(c(3). Finding an answer to the above questions 
would definitely establish the parallelism between secondary calculus on the CPS and 
standard theory of constrained (finite-dimensional) Hamiltonian systems. Moreover, it 
would fix the bases of a mathematically rigorous, covariant, symplectic formalism for 
classical Lagrangian field theories. Finally, it would represent a well founded starting 
point for a covariant quantization of gauge systems [17j. 

A possible route through the answers to the above questions is described below. First 
of all, there is a geometric counterpart of the degeneracy distribution of u). Let 



> >c\g > K\g ^ P2 

be a compatibility complex for iE{X) and 

I J. ^ J. 



< ^— < — — pI < 

its adjoint complex. There is an associated complex of C°°((f )-modules: 

< J°°>i\s ^^-^ J^>i\s J°°P2 ^ ' 
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where we put := h'^^^y h'^ := h°^^ and so on. As discussed above, ker/i|^(-_^j C 

J°°x|^ identifies with \/D((f) C V^D(J°^)|^ via the isomorphism 7°°x|^ ~ 1/D(J~)|^ 
that sends jooX to (see Section [l.Sp . In particular, ker/i^^j^^-j has got a natural 
Lie algebra structure. Similarly, im/i^ identifies with the module of sections of an 
involutive distribution on ^ made of vertical vector fields. 

Proposition 30 im C ker h'^^^-^ is a Lie-subalgebra. 

Proof. Let ji,j2 G J°°Pj. Then ji = XI /Uoo^i and j2 = J2f2j 00^2 for some 
. . . , /i, /2, . . . G J°°) and . . . , 1^1, 1^2, ■■ ■ G P2 (see Footnote ESI Section ESI 
p. EI])- Moreover, hf{ji),hf{j2) correspond to vector fields Xi := J2 fi^A'^^i'-^'^ ■~ 
X/2 9^t^2' respectively, via the isomorphism ker/i^^^^^ ~ VD^co). Compute 

[XuX2] = Y.[h9^l,^,f29^l,J 

Now, recall that g = imA| C keriEiy) ^ subalgebra (see Corollarv l2T]) so that 
{A^-^i, A1^2} = for some ^ e Pj. Put 

J ■.= J2M9^t,j2)3o.^2 - /2(9At^,/l)joo^l + /l/2Joo^ G ^^^2^- 

Then h^{j) G im /i^ C ker h'^^^^ corresponds to [Xi, X2] G V^D(i^') via the isomorphism 
ker/i^(^) ~ 1/D((f). ■ 

In the following we will understand isomorphism ker h'^^^-^ ~ yD((f). In view of 
Proposition |2D1 5^ is an involutive distribution on co. Namely, ^ is the (involutive) 
distribution generated by evolutionary derivatives with generating sections in g (such 
kinds of distributions have been recently considered in [19j). 

Notice that the horizontal Spencer differential S : VB {/) ig) Aits') — > yD(^) (g) A(^) 
"restricts" to im h'^(g)A{£'). Denote by s : im h^(g)A{(S) — > im hf(g)A{(g') the restricted 
differential. Clearly, g C 0i := H°{imh'^^A{S'),s) = D(P)°nim/i^. We now describe 
the quotient Qi/q. Let □ : — > Q2 be a compatibility operator for A\ : Pj^ — > x|^, 
and put k:= : l°°>c\g — > 1°°Q2. Then im hf = ker k, so that 

01 = P'°(im/i^® A(^),s) = H^{kerk(g)A{^),s) = ker □. 

We conclude that Qi/g = kerD/imAj ~ H^{imh'^ (g) A(^),s) (see Theorem [7]) and 
there is an exact sequence (of vector spaces) 

>Q ^ ^Si »H\imh^ ®A{(S),s) ^0 . 
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Thus H^{imh^ ® A(^),s) is the obstruction to Q being isomorphic to 0-cohomology 
of the complex {imhf^ A{£'),s), that is, in a sense, the obstruction to "the algebraic 
description and the geometric description of gauge symmetries coinciding". 

Despite the possible existence of such an obstruction, define the new distribution on 

, := S' + ^ . ^ is, generally, infinite-dimensional. Moreover, it is an involutive 
distribution. Roughly speaking, integral submanifolds of ^ identify with "gauge equiv- 
alence classes" of solutions of the Euler-Lagrange equations. Therefore, it is natural 
to put P := {maximal integral submanifolds of ^} and interpret P as the space of 
"physical states" of fields of the Lagrangian theory (tt, S). 

A secondary calculus may be introduced on P, basically via the ^-spectral sequence 
^E[<§'), so that elements in '^Ei{S') =: A(P)* are interpreted as (secondary) differ- 
ential forms on P. The inclusion ^ C 'i^ induces a morphism 'ioE{(S) — y 'loE{S) of 
spectral sequences whose 1-st term we denote by tt* : A(P)* — y A(P)*. 

Now, we'd like to interpret P as a "(symplectically) reduced CPS". In order to be 
able to do this in a consistent and physically meaningful way at least the following two 
conditions should be fulfilled: 

1. the image of C^{Py := ^El''{^) under tt* should be made of gauge invariant 
(secondary) functions on P, 

2. a secondary 2-form cD on P should exist so that kercD = and 7r*(c(3) = u). 

If this was the case then, in the author's opinion, (P, uj) could be "safely" referred to 
as the "symplectic reduction of (P, cj)" from the mathematical point of view, and as 
the "reduced CPS" [TTj [25| 130] from the physical point of view. 

As suggested by the example in this section and by preliminary work by the author, 
typical homological algebra (and, possibly, homological perturbation theory) techniques 
seem to be necessary to investigate further in this direction and complete the above 
sketched program. 

Conclusions 

We proposed a fully rigorous approach to the geometry of the covariant phase space P, 
and the canonical, closed 2-form on it, in the framework of secondary calculus. In 
particular, we described the kernel of u) in terms of the compatibility operator for the 
linearized Euler-Lagrange equations thus revealing the precise relation between gauge 
symmetries and constraints in field theory [25j. We also described gauge invariant 
(secondary) functions on P and their Lie algebra structure. It is likely that such a 
Lie algebra is at the basis of a covariant canonical quantization of the theory [13j. A 
step forward in this direction would be to rigorously perform a symplectic reduction of 
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{P, (jj). The preliminary analysis presented in Section [23] suggests that this is possible, 
and should be done, within secondary calculus (or a slight generalization of it) and, in 
any case, by means of cohomological techniques. 

We stress that, in this paper, we basically worked "on shell". The relationship with 
"off shell" methods (Koszul-Tate resolution and BRST complex [JIEIIIZ] - see also |36j ) 
should be carefully analyzed. 
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